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1 Quilt decompositions of surfaces and extended Hatcher
complex

Let X, , be an orientable surface of genus g with r boundary components. Assume that Euler
characteristic x(X4,) =2—-2¢9 —r <0.

Definition 1. (maximal multicurve complex) [HLS]

The mazimal multicurve complex H(YX, ) is a two-dimensional cell complex having these
properties:

Each 0O-cell is an isotopy class of a pants decomposition of the surface ¥, ,. Each 1-cell is
either an S-move (Fig.1) or an A-move (Fig.2). Each 2-cell is either type 5A (Fig.3), 34 (Fig.4),
3S (Fig.5), 6AS (Fig.6), or DC (Fig.7).

These figures mean that they are subsurfaces and their complements are invariant under the
moves. We call the subsurfaces supports of the moves. In [HLS] and [NS], DC is called C.

We also call it a Hatcher complex of X ;.

In [FG], they defined a two-dimensional cell complex I'g(X, ) which is the same as a Hatcher
complex.

Theorem 2. [HLS][FG]
A Hatcher complex H(%, ) is connected and simply-connected.

Definition 3. (quilt decompositions of a surface) [NS]
The quilt decomposition of a pair of pants is a collection of 3 seams on the pair of pants (as
Fig.8). We call a hexagonal domain bounded by SCCs (simple closed curves) and seams a patch.
The quilt decomposition of a surface ¥4, is a pants decomposition with each pair of pants
having a quilt decomposition of a pair of pants, such that every seam is connected on each SCC
of a pants decomposition (Fig. 9).

Definition 4. (extended Hatcher complex) [N]

The extended Hatcher complex H (X4,r) is a two-dimensional cell complex having these prop-
erties:

Each 0-cell is an isotopy class of a quilt decomposition of the surface ¥, ,. Each 1-cell is
either an S-move (Fig.10), an A-move (Fig.11) or a half twist D'/? (Fig.12). Each 2-cell is either
type 54 (Fig.13), 34 (Fig.14), 35 (Fig.15), 6AS (Fig.16), 25 (Fig.17), or DC.

We will sometimes write them without tildes. In [NS], a half twist is defined as the inverse

of Fig.12. In [N], 25 is called a back-tracking triangle for S-move.

Theorem 5. [N] 5
An extended Hatcher complex H (X, ,) is connected and simply-connected.



Theorem 5 is proved by using the next lemma.

Lemma 6. [BK] (6.2 Proposition)

Let M and C be 2-cell complexes. Let 7 : MU — € a map of their 1-skeletons, such that
7(MIO) c ¢l Suppose 7 is continuous and surjective.

In addition to the previous statement, suppose that the following (1)-(4) conditions are sat-
isfied:

(1) C is connected and simply-connected.

(2) For any O-cell ¢ € C, 7~ (c) is connected, and any closed edge path in 77!(c) are null
homotopic in M.

(3) Let ¢; > ¢ be a 1-cell of C. Let m} < mj and m{ = mj be any two lifts of e in M.
Then, there exists an edge path e; in 771(¢1) and an edge path ey in 7~ !(cz), and the following
closed edge path is null homotopic in M.

mi —— mj
Note that ¢’ and e’ each contain one edge, but e; and ey are both edge paths. That is, they
possibly contain many edges or no edges.
(4) For every 2-cell X of C, there exists a lift of its boundary dX that is null homotopic in
M.

Then, M is connected and simply-connected.

A proof of Lemma 6 is explained in a latter part of this paper.
Proof of Theorem 5. We define a map 7 as follows.
m: H(Sy )M — H(Z, )W

Let w\g(gq (o] (q) be a pants decomposition such that g forgets its quilt. One can extend 7 on

1-cells of H (X, ) naturally.

Theorem 5 is proved by using lemma 6 for the map 7.

Tt is enough to check that (1)-(4) conditions of lemma 6 are satisfied.

(1) We need to see that H(X, ) is connected and simply-connected. It is satisfied by theorem
2.

(2) Take an arbitrary p € H(X,,), and fix it. p is a pants decomposition of X ..

Let c1,c¢2, -+, c3g—342- be SCCs of the pants decomposition p. They contain boundary circles.
It is sufficient to show that m=*(p) is connected and simply-connected.

Take an arbitrary quilt decomposition ¢ on p, and fix it. Let @ be a group of quilt de-
compositions on p generated by {Di{Q, D;/?, e ,Dg3/g2_3+2r} such that ¢ is the unit element of
Q.

Claim 7. All quilt decompositions on p are elements of Q.

Proof. By definition 3, each pair of pants has 8 ways of quilt decompositions up to a mapping
class group of a pair of pants. The only possibility is to combine the three seams to the three
boundary components of the pair of pants i.e. 23 = 8. And a mapping class group of a pair of
pants is generated by Dehn twists on 3 boundary circles. And a Dehn twist is 2 times of half
twists.
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Define a following map:

f . @3973+2TZ N Q

by (t1,t2,- - ,t3g—3+2r) — {t; times half twists on ¢;}.
f is a homomorphism clearly.

Proposition 8. f is an isomorphism.

Proof. Tt holds that f is surjective by the definition of Q. We want to show that Ker f = 0.
D2z means a quilt decomposition that we get by moving a quilt decomposition = by D/2.
Consider that ¢ = D(tﬁ/?Dg/Q e Dziziiﬁ’r’/zq i.e. we obtained ¢ by moving ¢ with finite half
twists. Then, a patch of g on one pair of pants cannot go to other pairs of pants under this action.
Also, a patch of ¢ on one pair of pants cannot go to another patch on the same pair of pants
under this action. Now, take an arbitrary inner point a on a patch. Under this action, a moves
on a loop on the pants. This is because, under this action, a cannot go to other pairs of pants or
another patch on the same pair of pants. Let [ be this loop. Consider [ is not contractible on the
pair of pants. This gives a contradiction through the following argument: The homotopy classes
of loops based at a form the fundamental group of the pair of pants. This group is a binary
generating free group. [ is a non-trivial element of this group. In such a case, for example, it
looks like Figure 18. Therefore, | must be contractible on the pair of pants. So, we can consider
that each patch have a fixed point under this action, and ¢; =ty = -+ = t35_342, = 0. Then,
we get Ker f = 0.

O

Now, we will show that 7=%(p) is connected and simply-connected.

Connectedness From Claim 7 and Proposition 8, we can see the following: The Cayley graph
of Q is equal to 7' (p)l!), and arbitrary 2 vertices of 7~!(p) is connected via only finite half
twists.

Simply-connectedness Consider ¢ is a base point of 771(p), and let E = Di}l/ QDEfQ/ 2. Dk k/ 2
be any closed edge path in 7=1(p), where e = +1,60 = £1,--- ,6, = 1. As every half twist

commutes each other, E is homotopic to DI*/?Dm2/2 ... Dese ;iﬁfT/ ? via only finite 2-cells of
type DC in 7~ !(p). By Proposition 8, we see that m; = 0 for i = 1,2,--- ,3g — 3 + 2r. Hence,
E is null homotopic in 7=1(p). The proof of (2) is over.

(3) It is enough to check the following two cases: e is an A-move or an S-move.

A-move The lemma 7.3 of [NS] means that the lift of A-move is unique up to 2-cells of type
DC. And it is easy to see that A = A~1. Therefore, (3) is satisfied when e = A.

S-move The lemma 7.3 of [NS] means that the lift of S-move is unique up to 2-cells of type
DC. So, we must only show that the following case: ¢/ = S,¢” = S~! and m/ = m/ ie. e
is null edge path. In Figure 17, if we consider e = D~'/2 then this closed edge path is null
homotopic in H (X, ) via a 2-cell of type 25. Therefore, (3) is also satisfied when e = S.

(4) It is enough to check 5 cases. X is a type 5A, 34, 35, 6AS or DC. It is easy to see that
the 2-cells of H(X,,) of type 54, 34, 35, 6AS and DC can be lifts of the 2-cells of H(X,,) of
type bA, 34, 35, 6AS and DC.

7 satisfies the conditions of lemma 6. The proof of Theorem 5 is over.
O

Definition 9. (colored quilt decomposition)
Let a "marking” of a pair of pants be an isotopy class of a structure like that shown in Fig.19
on the pair of pants. It is a "letter Y” embedded on the pair of pants, with the "letter Y” having



three tails, each combined to one of the three boundaries of the pair of pants. Let a "marking”
of a surface ¥, , be an isotopy class of a pants decomposition where each pair of pants has a
"marking” of a pair pf pants, and each "marking” of a pair of pants is connected on each SCC
of the pants decomposition. We call the "marking” a colored quilt decomposition of X, (see
Fig.20).

We can also define it as follows. Let a colored quilt decomposition of a pair of pants be a quilt
decomposition of it such that one of two patches is colored (see Fig.21). And, let a colored quilt
decomposition of ¥, be a quilt decomposition of ¥, , where each pair of pants has a colored
quilt decomposition of the pair of pants, and each color of the two colored quilt decomposition
of the pairs of pants next to each other is connected on each SCC of the pants decomposition
(see Fig.22).

One can see easily that the two definitions of colored quilt decomposition are equivalent in
the sense that a trivalent graph is homotopy equivalent to a colored quilt on X .

Definition 10. (colored extended Hatcher complex)

The colored extended Hatcher complex Hg,r is a two-dimensional cell complex having these
properties:

Each 0-cell is a colored quilt decomposition of the surface ¥ .. Each 1-cell is either an S-move
(Fig.23), an A-move (Fig.24), T-move (Fig.25),or B’-move (Fig.26). Each 2-cell is either type
5A (Fig.27), 3A (Fig.28), 35S (Fig.29), 6AS (Fig.30), 25 (Fig.31), 24 (Fig.32), 2B'3T (Fig.33),
or DC.

We will sometimes write them without bars.

Theorem 11. A colored extended Hatcher complex H (Xg4,r) is connected and simply-connected.

Proof. We define two maps ¢ and v as follows.
¢: HEy )W — H(E, )M

Let ¢|g(2g o (¢) be a pants decomposition such that g forgets its colored quilt. One can extend
¢ on 1-cells of H(X,,) naturally.

Y HE, ) = H(, )0

Let 9| g(s, )0 (g) be a quilt decomposition such that g forgets only its color.
Theorem 11 is proved by using lemma 6 for ¢.
It is enough to check that (1)-(4) conditions of lemma 6 are satisfied.
(1) We need to see that H(3, ) is connected and simply-connected. It is satisfied by theorem

(2) Take an arbitrary p € H(X,,), and fix it. p is a pants decomposition of X ,..

The first, we will prove that ¢~!(p) is connected.

Take arbitrary 21,22 € ¢~ (p). We know that ¢(z;) and ¢)(x2) are connected in H(X, ) via
only finite half twists, and the numbers of half twists ¢1,t2, - ,t3g—34+2, on SCCs c1,¢2, -+ , C3g—3+2r
are uniquely determined by (2) of the proof of theorem 5.

Proposition 12. Suppose that we have half twists ng, DZ;”, e ,ngj:f’sﬁi/z on SCCs ¢y, €2, -+, C3g—3+2r,

where tq,t2,- -+ ,t39—3+2, are numbers of half twists. Then,
(i) We can have a subsurface F' of ¥, , such that

{boundary of F'} = {¢;|(t; mod 2) =1}

(ii) If » > 1, we can take the subsurface F satisfying a following condition:
F' does not contain the boundary c¢; of ¥, ,, such that ¢; mod 2 = 0.



Proof of Proposition 12. For a pair of pants P, of the pants decomposition p, consider colored
quilt decompositions 1| p, , z2|p, as subgraphs of trivalent graphs. Then, both z1|p, and x2|p,
can be thought of as a "letter Y” embedded in Pj with three tails combined to the boundary
circles of P,. We say that xa|p, is color-preserving to x1|p, when the cyclic order of the three
boundary circles viewed counterclockwise from the center point of the "letter Y” on x2|p, is the
same as that of z1|p,. And we say that xs|p, is color-inversing to x1|p, when the cyclic order
of them is inverse. Note that they are well-defined even if X, , is not oriented.
Now, we define F' as following;

FUP,

where xs|p, is color-inversing to z1]|p, .

Then, F satisfies (i) and (ii).

(i) Consider P; and P» to be pairs of pants neighboring at a boundary circle ¢; of F', and that
F contains P. So, z2|p, is color-preserving to x1|p, and x3|p, is color-inversing to x1|p,. Since
one (or more precisely, odd) half twist let a color of the neighboring pair of pants be inverse, ¢;
is odd. ”C” holds.

Consider P; and P; to be pairs of pants neighboring at an inner circle ¢; of F. Then, z2|p,
is color-inversing to z1|p, for k = 1,2. So, t; is even. Consider P; and P, to be pairs of pants
neighboring at a circle ¢; which is disjoint from F. Then, z3|p, is color-preserving to z;|p, for
k=1,2. So, t; is even. Therefore, 2" holds.

(ii) Let ¢; be a boundary of ¥, such that ¢; is even. For the neighboring pair of pants P
to ¢j, x| p, is color-preserving to x1|p,. So, F' does not contain Pj.

The proof of proposition 12 is over.
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Now, let Pi, Py, .-, Px be the pairs of pants which F' contains, i.e. PLUP,U---U P, = F.
Then, we define a colored quilt decomposition y; as

1 1= (Bp, o Bp, o+ Bp ),

B;DI_ means B’-move about a pair of pants P;, and B’x means a colored quilt decomposition
that we get by moving a colored quilt decomposition = by B’-move.

We can see easily that this is well-defined because all supports of B”’s can be disjoint.

We can see that

() - = (y)

has one half twist on every boundary component of F' and two half twists on every inner
circle of F'. This can be seen by looking at the figure of the definition of B’ (Fig.26).

Then, there exists a sequence of half twists from ¥(y1) to 1(x2) such that even times half
twists on every circles. i.e.

(Dfal/Q © D§a2/2 0:--0 Dggig?)_jgirm)w(yl) = 1/)(552)7 for Jai, ag, . .. »a3g—3+2r € Z

We define a colored quilt decomposition ys as

e a1 as a3g—3+42r
Yo = (11" 013?00 39—3+2r Y1

This is also well-defined because all supports of T’s can be disjoint.
Hence, ¢(y2) = v(z2).



If r > 1, 9 is injective. Hence, y2 = x5. Therefore, z; and x5 are path connected in ¢~1(p).

If r =0, f =1 (¢Y(22)) = 2. We will also say that yo = z9. If yo # 2, ya is the colored quilt
decomposition whose color is the inverse of x5’s color. But it is a contradiction to the definition
of F in the proof of proposition 12. Remark that one (or more precisely, odd) B’ lets the colored
quilt on the pair of pants be color-inversing. Therefore, x1 and x5 are path connected in ¢~ (p).

Since 1 and xo are arbitrary, the proof of the connectedness of ¢~*(p) is over.

The second, we will prove the simply-connectedness of ¢~1(p). If it is proved, (2) holds
clearly.

Take a base point b in ¢~1(p) and take an arbitrary closed edge path E; in ¢=1(p). Then,
E; contains certainly only B’’s and T’s, and their all supports can be disjoint. Hence,

L rm rm / mog— mn1 u» N3g—3+2r
Ey ~ Ey:=B;™ o B, 2o-~-032972+r 2o=2tr o T o T, oT3q 319
”~” means homotopic. This holds via 2-cells of type DC'.

Claim 13. mq,ma,...,Mag_24, are all even.

Proof of Claim 13. Suppose that my is odd for 3k. Denote that the pair of pants is Py. Since
one (or more precisely, odd) B’ lets the colored quilt on a pair of pants be color-inversing,
B, ™ (b)|p, is color-inversing to b[p,. So, Ez(b)|p, is color-inversing to b|p,. But Ez(b) = b
since Ejs is a closed path. This is a contradiction.

O

Therefore, the following holds. Here, e means the null closed edge path at b.

E, NT:L” othl”2 o~~oTZZt“ ~e

The first ”~” holds via 2-cells of type 2B’3T by claim 13. The second ”~” holds via 2-cells
of type DC. That is proved by almost the same way as (2) of the proof of theorem 5.

Since E; is arbitrary, the proof of simply-connectedness of ¢~1(p) is over.

The proof of (2) is over.

(3) It is enough to check 2 cases: e being an A-move or S-move.

A-move The lemma 7.3 of [NS] means that the lift of A-move to A-move is unique on the
regular neighborhood of the support of the move. The map ¢ is extended on 1-cells of type
A-move naturally. Then, the lifts of A-move by the extended 1 are two types; see Fig.34.

We must prove that the following closed edge path is null homotopic in H (Xg,r)- See Fig.32
considering that €’ is A of the top, and e’ is A of the bottom. And it holds via a 2-cell of type
2A. See Fig.32 again as a 2-cell 2A.

And it is easy to see that A = A~1. Therefore, (3) is satisfied when e = A.

S-move The lemma 7.3 of [NS] means that the lift of S-move to S-move is unique on the
regular neighborhood of the support of the move. And, the map % is extended on 1-cells of type
S-move naturally. Then, the lifts of S-move by the extended 1 are two types, too; see Fig.35.

We must prove that the following closed edge path is null homotopic in H (X, ). See Fig.36
considering that e’ is S of the top, and e” is S of the bottom. And it holds by F1g.36. See it
again as two 2-cells 2S.

And, We must show that the following case: ¢’ = S, ¢’ = S~ and m} = m{ i.e. ey is null
edge-path. See Fig.31 considering that e; = B’~1oT. Therefore, (3) is also satisfied when e = S.

(4) It is enough to check 5 cases. X is a type 5A, 34, 35, 6AS or DC. Tt is easy to see that
the 2-cells of H(Z, ) of type 5A, 34, 35, 6AS and DC can be lifts of the 2-cells of H(X, ) of
type 54, 34, 35, 6AS and DC.

¢ satisfies the conditions of lemma 6. The proof of theorem 11 is over.
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